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TOPOLOGICAL PROPERTIES OF STRICT (LF )-SPACES AND
STRONG DUALS OF MONTEL STRICT (LF )-SPACES
SAAK GABRIYELYAN
Abstract. Following [2], a Tychonoff space X is Ascoli if every compact
subset of Ck(X) is equicontinuous. By the classical Ascoli theorem every k-
space is Ascoli. We show that a strict (LF )-space E is Ascoli iff E is a Fre´chet
space or E = ϕ. We prove that the strong dual E′
β
of a Montel strict (LF )-
space E is an Ascoli space iff one of the following assertions holds: (i) E is a
Fre´chet–Montel space, so E′
β
is a sequential non-Fre´chet–Urysohn space, or (ii)
E = ϕ, so E′
β
= Rω . Consequently, the space D(Ω) of test functions and the
space of distributions D′(Ω) are not Ascoli that strengthens results of Shirai
[20] and Dudley [5], respectively.
1. Introduction.
The class of strict (LF )-spaces was intensively studied in the classic paper of
Dieudonne´ and Schwartz [3]. It turns out that many of strict (LF )-spaces, in
particular a lot of linear spaces considered in Schwartz’s theory of distributions
[18], are not metrizable. Even the simplest ℵ0-dimensional strict (LF )-space ϕ,
the inductive limit of the sequence {Rn}n∈ω, is not metrizable. Nyikos [16] showed
that ϕ is a sequential non-Fre´chet–Urysohn space (all relevant definitions are given
in the next section). On the other hand, Shirai [20] proved the space D(Ω) of test
functions over an open subset Ω of Rn, which is one of the most famous example of
strict (LF )-spaces, is not sequential. These results motivate the study of sequential
properties of strict (LF )-spaces and more generally of (LM)-spaces. Sequential
properties of (LM)-spaces were studied by Dudley in [4]. Webb [22] and Ka¸kol and
Saxon [14] proved the following remarkable result:
Theorem 1.1 ([14, 22]). An (LM)-space E is a k-space if and only if E is sequen-
tial if and only if E is metrizable or is a Montel (DF )-space.
Being motivated by the Ascoli theorem we introduced in [2] a new class of topo-
logical spaces, namely, the class of Ascoli spaces. A Tychonoff space X is Ascoli
if and only if every compact subset of Ck(X) is equicontinuous, where Ck(X) is
the space C(X) of all real-valued continuous functions on X endowed with the
compact-open topology. By Ascoli’s theorem [6], every k-space is an Ascoli space.
So we have the following diagram
metric +3 Fre´chet–Urysohn
+3 sequential +3 k-space +3 Ascolispace ,
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and none of these implications is reversible. The Ascoli property for function spaces
and Banach spaces and their closed unit balls with the weak topology has been
studied recently in [1, 7, 8, 9, 10, 12]. Taking into account Theorem 1.1 it is
natural to consider the following question: Which (LM)-spaces are Ascoli? For
strict (LF )-spaces we obtain a complete answer.
Theorem 1.2. A strict (LF )-space E is Ascoli if and only if E is a Fre´chet space
or E = ϕ.
In particular, D(Ω) is not an Ascoli space that strengthens Shirai’s result.
Antedating the Nyikos result, Yoshinaga [23] showed that every strong dual of
a Fre´chet–Schwartz space is sequential. Webb [22] extended this result to strong
duals of Fre´chet–Montel spaces (equivalently, to Montel (DF )-spaces, see Theorem
1.1). Let us recall that a locally convex space E is called semi-Montel if every
bounded subset of E is relatively compact, and E is a Montel space if it is a
barrelled semi-Montel space. Since every Montel space is reflexive, these results
motivate the following problem: Characterize strong duals of Montel spaces which
are Ascoli. Note that this problem is quite natural for Montel spaces. Indeed, if
E is a Montel space, then: (1) each compact subset of the strong dual space E′β
of E is equicontinuous, and (2) the strong topology β(E′, E) coincides with the
compact-open topology on E′ and therefore E′β is a closed subspace of Ck(E). So
the above problem can be reformulated in a more general form as follows: Let
E be a locally convex space and τk be the compact-open topology on the dual
space E′. When the equicontinuity of the compact subsets of the space (E′, τk)
implies the equicontinuity of the compact subsets of its ‘functional envelope’ Ck(E)?
Proposition 3.6 below gives a partial answer to this question and plays a crucial
role in the proof of our second main result, see Theorem 1.3.
By Theorem 1.1, the strong dual E′β of an infinite-dimensional Fre´chet–Montel
space E is sequential, and Webb [22] also has shown that E′β is not a Fre´chet–
Urysohn space (below we generalize these results, see Proposition 2.3). However, it
seems a little known about topological properties of strong duals of proper Montel
strict (LF )-spaces. To the best of our knowledge only one nontrivial result is
known: Dudley in [5] has shown that the strong dual D′(Ω) of D(Ω), the space
of distributions, is not sequential. In the next theorem we eliminate this gap and
strengthen Dudley’s result.
Theorem 1.3. Let E be a Montel strict (LF )-space. Then the strong dual E′β of
E is an Ascoli space if and only if one of the following assertions holds: (i) E is a
Fre´chet–Montel space, so E′β is a sequential non-Fre´chet–Urysohn MKω-space, or
(ii) E = ϕ, so E′β = R
ω.
Consequently, the space of distributions D′(Ω) is not Ascoli. For another topo-
logical properties of D′(Ω) see [11].
2. Definitions and auxiliary results
All topological spaces in the article are assumed to be Hausdorff. Let us recall
some basic definitions. A topological space X is called
• Fre´chet-Urysohn if for any cluster point a ∈ X of a subset A ⊆ X there is
a sequence {an}n∈N ⊆ A which converges to a;
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• sequential if for each non-closed subset A ⊆ X there is a sequence {an}n∈N ⊆
A converging to some point a ∈ A¯ \A;
• a k-space if for each non-closed subset A ⊆ X there is a compact subset
K ⊆ X such that A ∩K is not closed in K.
Let {(Xn, τn)}n∈ω be a sequence of topological spaces such that Xn ⊆ Xn+1
and τn+1|Xn = τn for all n ∈ ω. The union X =
⋃
n∈ωXn with the weak topology
τ (i.e., U ∈ τ if and only if U ∩ Xn ∈ τn for every n ∈ ω) is called the inductive
limit of the sequence {(Xn, τn)}n∈ω and it is denoted by (X, τ) = lim−→(Xn, τn). If
Xn is closed in Xn+1 for every n ∈ ω, then, clearly, Xn is a closed subspace of X .
A topological space X is called a kω-space (an MKω-space) if it is the inductive
limit of an increasing sequence {Cn}n∈ω of its (respectively, metrizable) compact
subsets. So ϕ = lim−→R
n is an MKω-space. In [21, Lemma 9.3] Steenrod proved the
following useful result.
Proposition 2.1. If K is a compact subset of (X, τ) = lim−→(Xn, τn), then K ⊆ Xn
for some n ∈ N.
In what follows we shall omit τn and write simply X = lim−→Xn.
Proposition 2.2. If a topological group (G, τ) is an MKω-space, then it is either
a locally compact metrizable group or is a sequential non-Fre´chet–Urysohn space.
Proof. It is well-known that anyMKω-space is sequential. Assume thatG is metriz-
able. Then G is locally compact by Lemma 4.3 of [17]. If G is not metrizable, then
it is a sequential non-Fre´chet–Urysohn space by Theorem 2.4 of [19]. 
We denote by A◦ the polar of a subset A of a locally convex space E. Proposition
2.2 and Alaoglu’s theorem and the Banach–Dieudonne´ theorem imply the following
example of kω-spaces.
Proposition 2.3. Let E be a metrizable infinite-dimensional locally convex space.
Then (E′, τk) is a kω-space. If in addition E is separable, then (E
′, τk) is a sequen-
tial non-Fre´chet–Urysohn MKω-space.
Proof. Let {Un}n∈ω be a decreasing base of absolutely convex neighborhoods of
zero. Then E′ =
⋃
n∈ω U
◦
n, where U
◦
n is σ(E
′, E)-compact by the Alaoglu theorem.
Hence U◦ is τk-compact by Proposition 3.9.8 of [13]. By (3) of [15, §21.10], τk
coincides with the precompact topology τpc on E
′. As every equicontinuous subset
of E′ is contained in some U◦n, (4) of [15, §21.10] implies that (E
′, τk) = lim−→U
◦
n.
Thus (E′, τk) is a kω-space.
If E is separable, then (E′, τk) admits a weaker metrizable locally convex vector
topology. So every τk-compact subset of E
′ is metrizable, and hence (E′, τk) is an
MKω-space. Since E is infinite-dimensional, Proposition 2.2 implies that (E′, τk)
is a sequential non-Fre´chet–UrysohnMKω-space. 
An important case of inductive limits of sequences of topological groups is the
direct sum a sequence of topological groups endowed with the box topology. Let
{(Gn, τn)}n∈ω be a sequence of topological groups and N (Gn) a basis of open
neighborhoods at the identity in Gn, for each n ∈ ω. The direct sum of Gn is
denoted by⊕
n∈ω
Gn :=
{
(gn)n∈ω ∈
∏
n∈ω
Gn : gn = en for almost all n
}
.
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For each n ∈ ω, fix Un ∈ N (Gn) and put∏
n∈ω
Un :=
{
(gn)n∈ω ∈
∏
n∈ω
Gn : gn ∈ Un for all n ∈ ω
}
.
Then the sets of the form
(⊕
n∈ω Gn
)
∩
∏
n∈ω Un, where Un ∈ N (Gn) for every
n ∈ ω, form a basis of open neighborhoods at the identity of a topological group
topology Tb on
⊕
n∈ω Gn that is called the box topology. Set G˜n :=
⊕
i≤nGi, n ∈ ω.
Then
(⊕
n∈ωGn, Tb
)
= lim−→ G˜n.
Recall that a locally convex space E is a strict (LF )-space if E is the inductive
limit of a sequence {(En, τn)}n∈ω of Fre´chet spaces considered as topological spaces,
i.e., τn+1|En = τn holds for all n ∈ ω, see [15, §19.4]. A strict (LF )-space is proper
if a sequence {(En, τn)}n∈ω can be taken such that En ( En+1 for every n ∈ ω.
We shall use also the following proposition to show that a space is not Ascoli.
Proposition 2.4 ([12]). Assume X admits a family U = {Ui : i ∈ I} of open
subsets of X, a subset A = {ai : i ∈ I} ⊂ X and a point z ∈ X such that
(i) ai ∈ Ui for every i ∈ I;
(ii)
∣∣{i ∈ I : C ∩ Ui 6= ∅}∣∣ <∞ for each compact subset C of X;
(iii) z is a cluster point of A.
Then X is not an Ascoli space.
3. Proofs
The following proposition plays a crucial role in the proof of Theorem 1.2.
Proposition 3.1. Let X = lim−→Xn be the inductive limit of a sequence {Xn}n∈ω
of metrizable groups such that Xn is a closed non-open subgroup of Xn+1 for every
n ∈ ω. If X is an Ascoli space, then all the Xn are locally compact.
Proof. Suppose for a contradiction that there is Xi, say X0, which is not locally
compact. For every i ∈ ω we denote by ρi a left invariant metric on Xi and set
Bn,i := {x ∈ Xi : ρi(x, e) < 2
−n}, n ∈ ω.
Step 1. Consider the open base of neighborhoods {Bn,0}n∈ω of the unit e of X0,
so Bn+1,0 ⊆ Bn,0. Then there is a strictly increasing sequence {nk}k∈ω such that
nk+1 > nk+1 and for every k ∈ ω, the set Bnk,0 \Bnk+1,0 is not compact. (Indeed,
otherwise, there is n0 such that Bn,0 \ Bn+1,0 is compact for all n ≥ n0. Since
Bn,0 converges to e, we obtain that Bn0,0 is compact. So X0 is locally compact, a
contradiction.)
Set Pk := Bnk,0 \ Bnk+1,0. Then Pk is metrizable and non-compact, and hence
Pk is not pseudocompact. By [6, Theorem 3.10.22] there exists a locally finite
collection {Wn,k}n∈ω of nonempty open subsets of Pk. We may assume in addition
that every Wn,k ⊆ Int(Pk). Note that the family
Wm := {Wn,i : n ∈ ω, i ≤ m}
is also locally finite in X0 for every m ∈ ω. For every n, k ∈ ω pick arbitrarily a
point xn,k ∈Wn,k.
Step 2. We claim that for every k ≥ 1 there are
(a) a one-to-one sequence {yn,k}n∈ω in Xk\Xk−1 converging to the unit e ∈ X ;
(b) for every n ∈ ω, an open neighborhood Un,k of an,k := xn,k−1 · yn,k in X ;
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such that
(c) Un,k ∩Xk−1 = ∅ for every n ∈ ω;
(d) the family
Vk := {Un,i ∩Xk : n ∈ ω, 1 ≤ i ≤ k}
is locally finite in Xk.
Indeed, for every k ≥ 1, let {yn,k}n∈ω be an arbitrary one-to-one sequence in
Xk \ Xk−1 converging to e (such a sequence exists because Xk−1 is not open in
Xk by assumption). For every k ≥ 1 and each n ∈ ω choose an open symmetric
neighborhood Vn,k of e in X such that
(α) V 3n,k ∩Xi ⊆ Bn,i for every 0 ≤ i ≤ n;
(β)
(
yn,k · V 3n,k
)
∩Xk−1 = ∅ (recall that Xk−1 is closed in X).
For every k ≥ 1 and each n ∈ ω set
an,k := xn,k−1yn,k and Un,k := an,kVn,k.
Clearly, (a) and (b) hold. Also (c) holds since if Un,k∩Xk−1 6= ∅ for some k ≥ 1 and
n ∈ ω, then xn,k−1yn,kv ∈ Xk−1 for some v ∈ Vn,k. So yn,kv ∈ x
−1
n,k−1Xk−1 = Xk−1
that contradicts (β).
Let us check (d): Vk is locally finite in Xk for every k ≥ 1. Fix x ∈ Xk and
consider the two possible cases.
Case 1. Let x ∈ Xk \ X0. So ρk(x,X0) > 0 as X0 is closed in Xk. For every
1 ≤ i ≤ k, since yn,i → e in X and xn,i−1 ∈ X0, the condition (α) implies (note
that Vn,i ∩Xk ⊆ Bn,k for every 1 ≤ i ≤ k < n)
lim
n
ρk
(
Un,i ∩Xk, X0) = lim
n
ρk
(
yn,iVn,i ∩Xk, X0) ≤ lim
n
ρk
(
yn,iBn,k, e) = 0.
Hence there is an open neighborhood Ux of x in X such that Ux ∩ Xk intersects
only with a finite subfamily of Vk.
Case 2. Let x ∈ X0. Choose an open symmetric neighborhood Ux of e in X
such that xU3x ∩ X0 intersects only with a finite subfamily of Wk. We claim that
xUx ∩ Xk intersects only a finite subfamily of Vk. Indeed, assuming the converse
we can find 1 ≤ i ≤ k such that (xUx ∩ Xk) ∩ Un,i 6= ∅ for every n ∈ I, where I
is an infinite subset of ω. Then for every n ∈ I there are un ∈ Xk, tn ∈ Ux and
zn ∈ Vn,i such that
un = x · tn = xn,i−1yn,izn.
Note that zn = y
−1
n,ix
−1
n,i−1un ∈ Vn,i ∩ Xk belongs to Ux ∩ Xk for all sufficiently
large n ∈ I by (α), and also yn,i ∈ Ux ∩Xk for all sufficiently large n ∈ I because
yn,i → e. So
xn,i−1 = x ·
(
tnz
−1
n y
−1
n,i
)
∈
(
xU3x ∩X0
)
∩Wn,i−1
for all sufficiently large n ∈ I. But this contradicts the choice of Ux.
Cases 1 and 2 show that Vk is locally finite in Xk.
Step 3. Let us show that the families
A := {ai,k : i ∈ ω, k ≥ 1}, U := {Ui,k : i ∈ ω, k ≥ 1}
and z := e satisfy (i)-(iii) of Proposition 2.4. Indeed, (i) is clear. To check (ii) let K
be a compact subset of X . By Proposition 2.1, there is m ∈ ω such that K ⊆ Xm.
So (c) implies that if K ∩ Un,i 6= ∅, then i ≤ m, and hence Un,i ∩Xm ∈ Vm. Since
the family Vm is locally finite in Xm, we obtain that K intersects only a finite
subfamily of U that proves (ii).
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To prove (iii) let V be an open neighborhood of e. Take an open neighborhood
U of e such that U2 ⊆ V , and choose k0 ∈ ω such that Wi,k0 ⊆ X0 ∩ U for
every i ∈ ω. So xi,k0 ∈ U for every i ∈ ω. Since limi yi,k0+1 = e we obtain that
ai,k0+1 = xi,k0yi,k0+1 ∈ U · U ⊆ V for all sufficiently large i. Thus e ∈ A and (iii)
holds. Finally, Proposition 2.4 implies that the group X is not Ascoli which is a
desired contradiction. 
Theorem 3.2. Let X = lim−→Xn be the inductive limit of a sequence {Xn}n∈ω of
metrizable groups such that Xn is a closed subgroup of Xn+1 for every n ∈ ω. Then
the following assertions are equivalent:
(i) X is an Ascoli space;
(ii) one of the following assertions holds:
(ii)1 there is m ∈ ω such that Xn is open in Xn+1 for every n ≥ m, so X
is metrizable;
(ii)2 all the Xn are locally compact, so X contains an open MKω-subspace
and hence X is a sequential non-Fre´chet–Urysohn space.
Proof. (i)⇒(ii) If there ism ∈ ω such thatXn is open inXn+1 for every n ≥ m, then
Xm is an open subgroup of X . Thus X is metrizable. Assume that for infinitely
many n ∈ ω the group Xn is not open in Xn+1. Without loss of generality we can
assume that Xn is not open in Xn+1 for all n ∈ ω. Since X is Ascoli, Proposition
3.1 implies that all the Xn are locally compact. Let Yn be an open σ-compact
subgroup of Xn. We can assume that Yn ⊆ Yn+1 for every n ∈ ω. As all the Yn are
metrizable, the group Y := lim−→Yn is an MKω-space, and hence Y is a sequential
non-Fre´chet–Urysohn space by Proposition 2.2. Clearly, Y is an open subgroup of
X . Thus X is also a sequential non-Fre´chet–Urysohn space.
(ii)⇒(i) follows from the Ascoli theorem [6]. 
Now we prove Theorem 1.2.
Proof of Theorem 1.2. For every n ∈ ω the space En is closed in En+1 as a complete
subspace of a complete metrizable space. Taking into account that a locally convex
space E is locally compact if and only if E is finite dimensional, the assertion follows
from Theorem 3.2. 
It is mentioned in [16, Footnote 2] that van Douwen has shown the following: if
even one of the factors in the direct sumX = (
⊕
n∈ωXn, Tb) of a sequence {Xn}n∈ω
of metrizable groups with the box topology Tb is not locally compact and infinitely
many of the Xn are not discrete, then X is not sequential. The next corollary
generalizes this result.
Corollary 3.3. Let {Xn}n∈ω be a sequence of metrizable groups such that infinitely
many of the Xn are not discrete and let X = (
⊕
n∈ωXn, Tb) be the direct sum
endowed with the box topology Tb. Then X is an Ascoli space if and only if all the
Xn are locally compact. In this case X has an open subgroup which is a sequential
non-Fre´chet–Urysohn MKω-space, and hence X is also a sequential non-Fre´chet–
Urysohn space.
Corollary 3.4. Let E =
⊕
n∈ω En be the direct locally convex sum of a sequence
{En}n∈ω of nontrivial metrizable locally convex spaces. Then E is Ascoli if and
only if E = ϕ.
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Proof. Taking into account that a locally convex space E is locally compact if and
only if E is finite dimensional, the assertion follows from Corollary 3.3. 
In particular, the space Rω×ϕ is not Ascoli, and hence the product of a metriz-
able space and a sequential space can be not Ascoli.
To prove Theorem 1.3 we need two assertions.
Let E be a locally convex space and E′ be its dual. Denote by τk and τpc the
compact-open topology and the precompact-open topology on E′, respectively.
Lemma 3.5. Let E be an infinite-dimensional barrelled space and let T be a lo-
cally convex topology on the dual space E′ such that σ(E′, E) ≤ T ≤ τpc and the
space (E′, τT ) is barrelled. Then for every neighborhood U of zero in E there is an
absolutely convex neighborhood V ⊆ U of zero in E and a nonzero χ ∈ V ◦ such
that Rχ ∩ U◦ = {0}.
Proof. By the Alaoglu theorem, the polar U◦ is σ(E′, E)-compact, and hence U◦
is a τpc-compact disc by Proposition 3.9.8 of [13]. Therefore the T -compact set
U◦ is not absorbing (otherwise, U◦ would be a compact neighborhood of zero in
(E′, T ) by the barrelledness of (E′, T ), and hence E is finite-dimensional). So there
is χ ∈ E′ such that Rχ∩U◦ = {0}. It remains to choose a neighborhood V ⊆ U of
zero such that χ ∈ V ◦. 
For a subspace H of a locally convex space E we set H⊥ := {χ ∈ E′ : χ|H = 0}.
Proposition 3.6. Let E = lim−→En be a strict inductive limit of a sequence {(En, τn)}n∈ω
of locally convex spaces such that En is a closed proper subspace of En+1 for every
n ∈ ω. Assume that E0 is an infinite-dimensional barrelled metrizable space such
that (E′0, τk) is also barrelled. Then (E
′, τk) is not an Ascoli space.
Proof. We shall apply Proposition 2.4. For every n ∈ ω, we denote by Sn : En → E
the canonical embedding and observe that the adjoint map S∗n is weak* continuous
and τk-continuous.
Step 1. The basic construction. By Lemma 3.5, choose a decreasing base
{On}n∈ω of absolutely convex neighborhoods of zero in E0 such that for every
n ≥ 1 there is a nonzero χn ∈ O◦n satisfying Rχn ∩O
◦
n−1 = {0}. For every n, k ≥ 1
choose a σ(E′0, E0)-open neighborhood Wk,n of zero in E
′
0 such that
(a)
(
1
k
χn +Wk,n
)
∩O◦n−1 = ∅.
For every n ≥ 1, choose ηn, ξn ∈ E′ such that
(b) S∗0 (ηn) = χn;
(c) ξn ∈ E⊥n−1 \ E
⊥
n (recall that En/En−1 is nontrivial and Hausdorff by the
assumption of the proposition);
and now choose an absolutely convex σ(E′n, En)-neighborhood W˜n of zero in E
′
n
such that
(d) S∗n(ξn) 6∈ 5W˜n.
For every n, k ≥ 1, choose a τk-open neighborhood Vk,n of zero in E
′ such that
(e) S∗0 (Vk,n) ⊆Wk,n,
(f) S∗n(Vk,n) ⊆ W˜n,
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and set
ak,n :=
1
k
ηn + kξn and Uk,n := ak,n + Vk,n.
Define
A := {ak,n : k, n ≥ 1}, U := {Uk,n : k, n ≥ 1} and z := 0.
Step 2. We show that A, U and z satisfy (i)-(iii) of Proposition 2.4. (i) is clear.
To prove (ii), let C be a compact subset of (E′, τk) and set
I := {(k, n) ∈ N× N : C ∩ Uk,n 6= ∅}.
We have to show that I is finite. Since E0 is barrelled, the σ(E
′
0, E0)-compact
subset S∗0 (C) of E
′
0 is equicontinuous. So there is m ≥ 1 such that S
∗
0 (C) ⊆ O
◦
m.
By (a)-(c) and (e) we obtain that n ≤ m for every (k, n) ∈ I. Now for a fixed n,
1 ≤ n ≤ m, take l ≥ 1 such that
(3.1) S∗n
(
1
k
ηn
)
∈ W˜n, ∀k ≥ l.
We claim that
S∗n (as,n + ys)− S
∗
n (at,n + yt) 6∈ W˜n
for every t > s ≥ l and ys ∈ Vk,n and yt ∈ Vt,n. Indeed, denote by ζ the element
in the left side and suppose for a contradiction that ζ ∈ W˜n. Then (f) and (3.1)
imply
(t− s)S∗n(ξn) = ζ − S
∗
n
(
1
s
ηn
)
+ S∗n
(
1
t
ηn
)
− S∗n(ys) + S
∗
n(yt) ∈ 5W˜n
and therefore S∗n(ξn) ∈
5
t−s
W˜n that contradicts (d) (recall that W˜n is absolutely
convex). Since the compact set S∗n(C) cannot contain an infinite uniformly discrete
subset, this means that the set {k : (k, n) ∈ I} is finite. Thus I is finite and (ii)
holds true.
To check (iii), let U = K◦ be a basic τk-neighborhood of z, where K is a compact
subset of E. By Proposition 2.1, there is n ∈ ω such that K ⊆ En (we identify En
with its image Sn(En) in E). Take k ≥ 1 sufficiently large such that
1
k
ηn+1 ∈ U .
Then, for every x ∈ K, (c) implies
|ak,n+1(x)| =
∣∣∣∣(1k ηn+1 + kξn+1
)
(x)
∣∣∣∣ = ∣∣∣∣(1k ηn+1
)
(x)
∣∣∣∣ ≤ 1.
Therefore ak,n+1 ∈ U and hence z belongs to the τk-closure of A. Finally, Propo-
sition 2.4 implies that (E′, τk) is not an Ascoli space. 
Now we are ready to prove Theorem 1.3.
Proof of Theorem 1.3. The ‘if’ part is trivial. Assume that E = lim−→En is an
infinite-dimensional Montel strict (LF )-space such that the strong dual E′β of E is
an Ascoli space. Note that for every n ∈ ω the space En is closed in En+1 as a com-
plete subspace of a complete metrizable space, and the strong topology β(E′, E)
coincides with the compact-open topology τk on E
′ as E is Montel.
If E is not proper and E = Em for somem ∈ ω, then E is a Fre´chet–Montel space.
Therefore E′β is a sequential non-Fre´chet–UrysohnMKω-space by Proposition 2.3.
Assume that E is proper. If all En are finite-dimensional, then E = ϕ. If
En is infinite-dimensional for some n ∈ ω, say E0, then E0 is a Fre´chet–Montel
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space. Therefore its strong dual (E′0, β(E
′
0, E0)) is also a Montel space and hence is
barrelled. Since τk = β(E
′
0, E0), the space E
′
β is not Ascoli by Proposition 3.6. 
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